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to higher accuracy without the addition of more complexity in the
formulasused. We have shown how to convertthe NORAD element
setintoepicycleparametersusedin theanalyticepicycleformulation
of an orbit. This formulationis accurate to 107 and can be extended
to higher levels of accuracy if required. We have shown that the
correspondence between the NORAD elements and the epicycle
parameters provides high levels of accuracy in satellite prediction
over a timescale of 7 days.

As aresult of this work, it is now possible to use a more accurate
analytic model of satellite orbits and have access to orbital param-
eters through the widespread availability of NORAD data sets. The
analytic models can be used on the ground for mission analysis
tasks, Internet access to satellite data, and onboard satellites for
autonomous operation.
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I. Introduction
I N previous studies' ™ the differential equation

F+ fr+gr=0 1

was used to describe planar elliptical trajectoriesunder a noncentral
force field, where f and g are scalar functions of the polar variables
r and 6 and/or their derivatives. It was shown that for planar motion

f=—d/D )

where [ =126 is the angular momentum and dots indicate differen-
tiation with respect to time. The application of Eq. (1) is extended
here to the study of the trajectories of a homing missile under var-
ious guidance laws. It is shown that scattered published results in
the literature can all be derived from Eq. (1). Moreover, a trajectory
equation is derived for a homing missile in the case where the target
velocity and the missile velocity are varying.

II. Guidance Law
Equation (1) can be easily reduced to

dfry g

where r is the vector corresponding to the line-of-sight distance
r=r, —r, r, is the missile distance, and r, is the target distance
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Fig. 1 Scenario for a missile-
target interception.

from the origin (Fig. 1). Equation (3) can be written in components

form as
d (v 6 g
@ (7 ) A @

d Vg 9
E(T>+7vr—0 (5)

where v, =F is the radial component of the velocity and v, = ré
is the transverse component of the velocity. In the case where [ is
constant, Egs. (4) and (5) reduce to the case corresponding to the
closed-formsolution of generalized proportional navigation treated
by Yang et al. If the pursuer is always on the line of sight, then a
collision will result if the polar angles of the missile and target are
such that 6, (t) = 6,(t) = 6(t). Equation (3) can also be written in a
form giving the radial and transverse components of the acceleration

F—r6*=—gr+(/DF (©)
r6 +2r0 = (I/)ré @)

By differentiatingx = r cos6 and y =r sinf, one obtainsthe x com-
ponentx = v cosy and the y component y = v cos y of the velocity
vector r. They can be written as

vcosyzr'cose—résine 8)

vsinyzr'cos@-i—récose 9)
with

tany = % (10)

where y is the angle between the direction of the velocity v and the
x axis. By differentiating Eq. (10) with respect to 6, one obtains the
following equation:

1 dy r2 +2(dr/d9)? — r(d*r/d6?) an
cosy d0 ~ [(dr/d@)cos6 — rsinf]?
By noting that
1 dr/de)? 2
_ (dr/do)” +r . (12)
cos’y  [(dr/df)cosd — rsinf]?
we finally get
d 2 4+ r(d?r/do?
& -2 _ w (13)
o 2+ (dr/d)?
When Egs. (6) and (7) are used, Eq. (13) yields
dy g .,
@ = E sin” (14)
with
2
dr
sin®yr = r? = 15
sin“y =r r B (15)

where ¢ =y — 0 is the angle between v and r. Equation (14) gives
a guidance law between y and 6 (or ¥ and ) correspondingto the
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trajectory described by the differential equation given by Eq. (1).
Note that, in the derivation of Egs. (14) and (15), no restriction is
placed on the time variation of the velocities v, and v, of target and
missile.

III. Trajectory Equation

Instead of differentiating with respect to time as in Egs. (6) and
(7), one can differentiate with respect to 6 by using the following
relations:

= — 16
7 7 (16)

.. d. . d?
AL R 17)

By substituting Egs. (16) and (17) in Eq. (6) for the radial acceler-
ation, one gets the second-order differential equation

&r 2(ar\’ g
LoZ(EL) (1L = 1
62 r(d9> ( 92)’ 0 (18)

By substituting Eqs. (14) and (15) into Eq. (18), one gets

d2r w 1 dr : w _
dTOZ_(I_;>(7>(d_9> +3r—0 (19)

When the proportional navigation law k = tﬁ/é, where k is a con-
stant, is used, Eq. (19) integrates to

rk = Clsin(k6 + b)| (20)

which is similar to the result derived by Lu® for the case of a non-
moving target.

On the other hand, if we assume that the radial acceleration in
Eq. (6) is zero, then Eq. (18) reduces to

d&r 9 dr
7R + 510 r=0 21
In the case where the target velocity v, is constant and horizontal,
it is easily shown that §/6% =2 coté, which is the case treated by
Jalali-Naini and Esfahanian.” The solution in this case is given by
rsinf = A (6 — 6y), and one can easily derive for the transverseac-
celeration [Eq. (7)] ay =1/r = (2A, vtz/h) sin® 6, which is Eq. (22)
of Ref. 7 (h is the constant vertical distance of the target from the
X axis).

IV. Conclusions

This study shows that some scattered published resultsin the field
of guidancetheorycanbe derived directly from a general differential
equationderived from classical mechanics. This approach offers the
possibility of allowing a unified approach for various methods used
to model the trajectory of a homing missile.
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Introduction

HE optimal linear quadratic regulator (LQR) problem! is the

backbone of many modern optimal, robust control design
methods, such as the linear quadratic Gaussian procedure with loop-
transfer recovery (LQG/LTR)2 and the H,/H, control. The output-
weighted LQR problem (referred to as LQRY) minimizes an objec-
tive function containing the quadratic form of the measured output
as an integrand. However, in several applicationsit may be more de-
sirable to minimize the time rate of change of the output, rather than
the output itself. Examples of such active control applications are
vibration reduction of flexible structures, flutter suppression, gust
and maneuver load alleviation of aircraft, and ride-quality augmen-
tation of any vehicle. In these cases, the measured output is usually
the normal acceleration, although it is necessary from considera-
tion of passengerkrew comfort (as well as issues such as weapons
aiming and delivery) to have an optimal controller that minimizes
the roughness of the motion, which can be defined as the time rate
of change of normal acceleration. This mechanical analogy can be
extended to other physical systems, where sensor limitations pre-
vent the measurement of time rate of change of an available signal,
and even to economic models. Also, it is well known that certain
jerky nonlinearmotions, if uncorrected,can lead to chaos.? Optimal
control of such motions may require output-rate weighted (ORW)
objective functions.

ORW Optimal Control
Consider a linear time-invariantsystem described by the follow-
ing state-spaceequation:

dX
EzAX-i—Bu-l—Fv (1)

where X is the state vector, u is the input vector, and v is the process
noise vector. Then the output vectory is given by

y=CX+Du+w )

wherew is the measurementnoise vector. The regulator design prob-
lem is finding an optimal feedback gain matrix K, which obeys the
control law

u=—-KZ 3)

where Z is the estimated state vector, such that the following objec-
tive function is minimized:

00 T
1 dy dy T
J=(= =2 2 Ru | dr 4
Equation (4) can be rewritten as

1 < - -
J = (5> / X'O0X +X'SU+USX+URU)dt (5)
0
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